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T is shown that the Foree exerted by pline cleciranegnetic waves on multilayer media can be evaluated in terms
ol the changes in momentum How that take plice af the planes of discontinuity. The expression obtained is relevant

to radiation pressure experiments

The force exerted by light waves on dielectric bodies
is small but measurable | 1]. Because of the present
availability of powerful laser sources this radiation pres-
sure appears (o have potential applications. The purpose
of the present note is to evaluate the displacement of
the center of mass of a multilayer slab under the in-
fluence of a light wave. For generality, consideration is
given to media that have arbitrary transverse bi-aniso-
tropy.

To clarify the concepts involved, let us first consider
a wave packet incident on a dielectric body in vacuum.
Clearly. the momentum taken up by the hodv is the

~dilference between the momentum of the wave packel

before and after interaction. To evaluate this quantity
we only need to know the expression for the momen
tum m of the wave packet in free space. This is the
product of the EM (clectromagnetic) mass li’,-’r-?'. where
Wdenotes the EM cnergy and ¢ the speed of light in free
space, and the encrgy velocity 1, whose magnitude is ¢

m=( li',-"n:.'2 Jie. (1)
m= e, (1)
Thus, when a wave packet is transmitted throngh a

slab frec of loss and Fresnel reflection (c.g..
p= 1, where € denotes the permittivity of the medium,

when e =

«its permeability, and » its refractive index), the mo-
mentum taken up by the slab is equal to zero, that is,

the slab remains at rest if it is originally at rest. The slab.

however, is displaced in the process by a length Az
that can be evaluated by stating that the coordinate of
the center of mass of the total system® wave packet
plus slab, is proportional to time [2]. One finds that
the slab displacement is in the forward direction and

is given by [2] \

Az =(W[c2)(n — 1)my, 35(2)

where 11, denotes the mass of the slab per unit length.
This displacement is perhaps accessible to measurement
it a long low-loss glass fiber (wound on a drum of small
weight) is used in the place of a slab. To our knowledge
such an experiment has not been performed,

The displacement Az given in eq. (2) is most casily
interpreted by assuming that eq. (1), with u representing
the energy velocity of the wave in the medium, is appli-
cable to polarisable media as well as to free space. For
an isotropic nondispersive medium with refractive in-
dex i the magnitude of u ineq. (1) is equal to ¢/n. Thus,
as the EM wave enters into the medium (with > 1)
it loses momentum. This loss is balanced by the mechan-
ical momentum (W/e)(1 — 1/n) taken up by the medium,
which is pushed in the forward direction. When the wave
packet leaves the slab, opposite elfects take place and
the slab goes back to rest. Because of the time lag exist-
ing between the light pulse entering and leaving the slab,
the slab is displaced (forward) by the length Az given
in ¢q. (2). On the basis of that argument (and also on
the basis of microscopic arguments such as the one dis-
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cussed in ref. [3] ¥) we assume that the EM momentum
is always given by eq. ( 1)+E,

When the slab is not free of Fresnel reflection (e % u).

evaluation of the mechanical momentum requires that
consideration be given to waves that are reflected back
and forth within the slab. An even more complicated
situation arises for slabs having multilayer coatings. The
purpose of this note is to show that, when the proper
formalism is introduced, the evaluation of the total
force F(r) exerted by the wave on the medium remains
in fact simple and can be effected in two ways,

Let us consider a plane EM wave propagating along
the z axis of an xvz cartesian coordinate system through
a medium whose parameters depend on z but not on x
or v. We assume that the cross-section arca is unity and
that the field of the wave vanishes at z = £eo. Assuming
that the medium has only transverse bi-anisotropy,
the electric and magnetic field strengths £, H, and
the electric and magnetic flux densities D, B have only
X, y components and can be represented by 2-vectors.
The linear relation existing between F, H and D, B is
written

D] (E

il =Lyn. = | (3)
I. H |

=

4

where the 4 x_4 matrix L, a function of z only, is sym-
metrical (L=1) [5] 7.

Using the rationalized Gauss system, Maxwell’s equa-
tions can be written, for plane waves

.;,; +|_1'r,r=o, (4)

where the z and ¢ subscripts denote partial differentia-

¥ This paper shows that for a simple artificial dielectric (a
meander line) the EM mementum is unambiguously given
by eq. (1).

L The momentum of the medium can be ignored in directions
where the medium has translational invariance, it we make
use of a canonical momentum p = (W/w)k,
where k denotes the wave vector. In particular, at a plane

3 ,gx?imgface, the tangential component of p is continuous

" (Descartes—Snell law of refraction). Gyérgyi [4] has shown
that the law of refraction can alternatively be based on the
expression, eq. (1), of the true momentum. In Gyorgyi's
formulation the momentum of the medium is taken into
account. Generally speaking, p describes interactions taking
place in the medium; it is not directly related to the kinetic
momentum of the medium itself.
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tons, and ¢* = ey, where

[0 o [ 0 1] )
y=v = 7 ci=g . (5)

Within a uniform section of the medium (L being u
constunt) the wave equation (4) becomes an cigenvalue

L‘L|l|.|[i1 1]

(f*l. e

wl the e denote the phase velocities of the four

&
waves that can propagate in the medium; e.g., the forward
andd bachward ordinary and extraordinary waves. Be-

catse the mediome s free ol dispersion we do not dis-

tinyeshe between phase and encrgy velocities. The
- o

Yo e (0) denote cigenstates ol polarization. The

cnergy How S = offw His diveeted along z. 1ts magnitude

Is
$=19*y. (7)

According to eq. (1), the EM momentum flow is equal
to the EN energy Tow 8 divided by 2 and multiplied
by the encrgy velocity w. The total EM momentum flow
Pz, 1) is therelore the sum of the productse2 S+u
telative 1o the Tour waves. Note that in the present case

the energy tlow, the energy velocity and the momentum

Hlow can be treated as scalar quantities. We have "‘"“-f
a_ 4
2enria. Ay = . . T ;
Mz, r) Zzl .Snuu 5 Z)lwugbuno. (8) >
o= &=

[t turns out that Mz, r) can be expressed as a function
ol the toral Tield ' = EI“I,[/"‘ and the material matrix
L only. We have indeed

AMe =1yt gyt (9)

because ol eq. (6) and of the orthogonality conditions

Ty =1 g+ e s
l#uL wlu Oa o # ﬁ» (]0) i th
: . e
: : o«
which hold between any two nondegenerate eigenstate pr
of

4 y sw =
! Note that the medium that we are considering is perhaps non- |
reciprocal,
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o polarization [6] TT.
Let us consider next a multilayer medium. The total
faece exerted by the wave on the medium is equal to
- #e sum of the changes in EM momentum flow at each
- #fame of discontinuity. Because Mz, 1) can be written
he form given in eq. (9), we have simply
3 S

PR)= -1 Doty

W)

=~ 22 ra, ) (1)
1

®here the A ) denotes variations at the ith plane of
rﬁf\mtinuity, and IJI;— the value of ¢* at that plane
{9 tsacontinuous function of z).

This result, eq. (11), can al ternatively be obtained
#y evaluating the sum of the Lorentz force acting on
sz polarization current P, and the magnetic dual of
%« Lorentz force [ 7] acting on the magnetization
awirent M.

+ o0

FR= [ o x H- M, x )iz, (12)

—cm

ahere

(13)

= [ via'-nta:
1‘00"‘—
= Ef UJ*L;]VUZ. (14)

Note incidentally that, because the force exerted by
& wave on the medium is just opposite to the foree
#aerted by the medium on the wave, an alternative ex-
geeagion of /() is the negative of the time derivative
# the integral over all space of the EM momentum

i |
Btz that cq. (10) holds also in the degenerate case (isotropic

sndin ) il the total field is properly decomposed.
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& o)
density ¢™=S

2= 4 A—
() = dt J Sdr, (153

all space

which is easily shown to coincide with eq. (14) for the
case considered, )

If L varies as a function of z by steps, as assumed
before, eq. (14) becomes

AR =4 2P AL}, (16)
i

in agreement with eq. (11).

In the special case where the medium is isotropic
with permittivity ¢ and permeability unity, e (10)
becomes

Hry=-—4 E:‘;"E.}f{u”lj. (17)
r

Once the total foree, eq. (16) or (17), is found, the po-
sition ol the center of mass of the slab is readily ob-
tained by integration. _

In conclusion. we have shown that the force exerted
by an electromagnetic wave on a multilayer medium
with transverse bi-anisotropy can be expressed in a
simple way in terms of the changes in momentum flow
atthe planes of discontinuity. This result generalizes a
tesult previously obtained by Haus [8) applicable to
EM waves entering from free space into a homogeneous
isotropic mediun. 1t should be noted that the momentum
transterred to the medium is partly in the form of the
malterial being dragged along with the light wave and
partly associated with surface forces at planes of dis-
continuity [8]. In order to discuss the spatial distribu-
tion of the force, electrostrictive and magnetostrictive
phenomena have to be taken into account. In the present
noteswe hiove addressed ourselves vnly to the problem

ol evaduating the otal torce and ignored its spatial dis-

RL"IL'I'L‘II;'L‘.\

[T A AshKing Appl. Phys. Letters 19 (1971) 283,

2] O. Costa de Beauregard, Compt, Rend. Acad, Sdi. (Paris)
274 (1972) 164;
N.L. Balasz, Phys, H‘.E‘ 1 11953) 408:
W Shockley, Proc, Natl, Acad. Sei. 60 (196E) 807,

[ ——



Volume 7, number 4 OPTICS COMMUNICAT IONS April 1973

(3] J.A: Arnaud, Electron, Letters 8 No.22(1972) 541.. |71 0. Casta de Beauregard, Compl. Rend, Acad. Sci. (Paris)
(4] G. Gyorgyi, Am. 1. Phys. 28 (1960) 85. 3630 (1966) 1007; 1 Nuave Cimento Seric 10, 638 (1969)
(5] P. Penficld and H.A. Haus, Flectrodynamics of continuous [

media i The M.LT. Press, Cambridge, 1967) p. 101, [l 1AL Haus, Physica 43 (1969) 77. z

[6] J.A. Arnaud, J. Opt. Soc. Am. 63 (I'eb, 1973), to be pubhishesd

316




