PULSE BROADENING IN NEAR-SQUARE-
LAW GRADED-INDEX FIBRES
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A closed-furm expression for pulse broadening in graded-index
fibres thut hase small and circulariv symmetric. but otherwise
arbitrary, deviations from a square-law, and arbitrary dn/de.
is applicd 10 germania-doped fibres. The runge of validity
of the theoretical expression is defined by comparison with
the results of numerical integration

Numerical results are presented for the broadening of optical
pulses in near-square-law fibres. These results are based on
a4 closed-Torm expression previously reported by the author.'
The r.m.s. impulse-response widths of typical germania-
doped silica fibres for various doping profiles are calculated to
illustrate the theory.

The broadening of pulses of quasimonochromatic light in
glass fibres depends critically on the details of the refractive-
index profile and on the inhomogeneous dispersion of the
material, defined as the variation of the phase to group-
velocity ratio as a function of distance from the axis. Three
theories are at present available for evaluating the impulse
response of circularly symmetric near-square-law fibres. These
theories properly take into account the inhomogeneous disper-
sion of the material. The theory presented in Reference 2 is
limited to axisymmetric modes and to r* perturbations of
the square law. In References 3 and 4 it is assumed that the
square of the refractive index is a power of the radius. The
expression for the time of flight of a pulse in a particular mode
ollows from differentiation with respect to e of the expression
for the axial wavenumber given in Reference 3. The variation
ol the r.m.s. impulse width as a function cof the exponent of »
is given in Reference 4. For many practical fibres, however,
the assumptions in References 2-4 may be too restrictive,
Qur result in Reference 1 is general, except for the requirement
that the deviation from a square law must be small, circularly
svmmetric, and that ray-optics (or WK B) methods be appli-
cable, We also assume that polarisation effects can be
neglected.

Let us assume that the refractive index n of the fibre material
has been measured as a function of radius » at the operating
wavelength 4 and at a slightly different wavelength 1. Let
the refractive-index profiles n(r) and n'(r) at these two wave-
iengths be written in the form

(2r/2)2 n?(r) = Ko=Ke ¥+ Ko r*+ K318+ ...(0)
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The parameters K,, K, and the exponent x are selected to
best fit the given profile at the wavelsngth considered, and
the difference is best fitted to a polynomial in 2. For the
choice x = |, eqn. | is a conventional expansion in powers
of »*, From the coefficients K,, K,’,y = 0, x, 2, 3..., ineqn. 1,
we define inhomogeneous dispersion parameters

D, = KoK,/ =K)KJ(Ko'=Kp) . . . . . (2)

g
The relative time of flight t of a pulse, defined as the ratio of
the group velocity of plane waves on axis to the group
velocity of a mode with radial mode number v > 0, and
azimuthal mode number g, is, from Reterences 1, 3 and 5,

n

e, () = (I-B)“*[I—BD,,’+ ¥ B F._..-\-‘._.] .3
=2

where
D= DS +w)

B = [1-0-2(x— 1))(2g)* ™+ D K, M** VK
'u| = absolute value of u
127Dy —(p+1) D] &y .4
]\'_'_ Kn;‘— [J{K”Z‘.'HI *K)

g=2v+lul+1
E.

il

1

i

V. = E 270 =) Hmi2) 123 [ = (g1

m=1, 2

All the parameters on the Lh.s. of eqn. 4 are dimensionless.
For preliminary designs, we can assume that there is only
one dopant material and that #* varies iinearly with the dopant
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concentration. [n that case, the D, = D are all equal. This is
assumed in the two special cases treated below.

Let us first set w = | in the previous expressions and assume
that the series in eqn. | terminates at the »* term. The total
impulse width for Jong fibres is proportional to the difference
between the maximum and minimum values of t in eqn. 3,
with v, u restricted by the condition that the mode wave-
number A. be larger than the cladding wavenumber
k. = (wfe) ny; that is, with the notation used” in eqn. 3,
B < 1-K,/Ky, where K, = &%, We find that the particular
value of &, that minimises the total impulse width is

(Fadupe = (2D =UD =DV =nyfng)] . . . (5)

where », and 7, denote the cladding and axial refractive
indices, respectively. We have compared the relative time
of flight predicted by eqn. 3 with x = | to the exact value
obtained by numerical integration of the space-time Hamilton
equations. We have found that the expression in eqn. 3 is very
accurate for near optimum profiles, provided that [D—1]| <
0-02. This condition is satisfied for most fibre materials.
Nevertheless, in some cases, it is useful to let » be different
from unirty.

If we keep « arbitrary in egn. 1, but omit the series, the
value of ~ that minimises the total impulse width for long
fibres is exactly (within the scalar ray-optics approximation)

w= DIl +nlng)—1 v 5 & % oz o o5 o5 16

This result follows from the fact that D and » enter in the
expression of 7 in eqn. 3 only as D/(I+k), as shown in
Reference 5. Note that the coefficient in the expression of
Bineqn. 4 is an approximate form of that given in Reference 3.
It is applicable when 0-8 < n < 1.2,

Let us now go back to the general case. Usually, we are
interested not in the impulse response itself, but in the r.m.s.
impulse-response width, defined as

o = S000({t3d— (1)t
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where, for any quantity a(v, u), such as r or %,
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Assuming that the material loss is independent of radius and
that the fibre is only moderately overmoded, the power trans-
mission T{v, ) is, to within an unimportant constant factor,

1 0< B< |—=K.,/Ko=2An/n
T(v, p) = (9)
0 |- K,/Ko < B

To illustrate the method, let us consider a germania-doped
silica fibre, with a dopant concentration, in percent, of

d = 10—=10(rn/d40)2 — A(r,/40)* . . . . . (10)

where A is a small adjustable parameter. The dopant
concentration d is equal to 10% on axis and 0% at the core
radius @ =~ 40 um. The refractive index of germania-doped
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Fig. 1 _Var.*’a:.fcn of .m.s. impulse-response width of germania-
doped fibre with 10% doping on axis as function of coefficient
of r% term in profile
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silica has been measured by Fleming” for 0% and 13-5°]
GeO, concentration.  Linear interpolation and use of
eyn. 10 gives the refractive-index laws at 2 = 0-88 and 0-9 pm,
respectively.
For the special value A = 0-051, for examgle, we obtain

niry = 2-15439+2.7281 = 107° r2—9.193 x 10~ "' /*

(11)
W) = 215352+ 287075 % 10°° r*—9-186x 10~ "' r*

where ris in micrometres. The coefficients K,, A, K2, D,
and D, are obtained from egn. 11 and the definitions in
eqns. | and 2. Substituting the values in egns. 7 and 3, we
obtain, with | = K /K, = 2An/n = 0-017, the r.m.s. impulse
width of & = 0-016ns/km. Fig. 1 shows how the rm.s.
impulse width varies as a function of the coefficient A in
egn, 10 for dir).

In the foregoing, the optical carrier was assumed monochro-
matic. Il this is not the case, the sign {> in egn. 7 should be
replaced by

EHE [ERFDIL & 5 v = » & 5 = (1D

where { }; is evaluated by the procedure outlined above at
various wavelengths 1 within the (normalised) spectral curve
/'(2) of the source. This conclusion, based on space-time ray
optics, agrees with the result in Reference 7.

In conclusion, we have described a procedure that permits
the accurate evaluation of the impulse response of large-
transmission-capacity multimode fibres. The computing
time needed is very small because closed-form expressions
are used. :
i, A, ARNAUD 10th Augast 1975
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