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Multielement laser-diode linewidth theory
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A simple formula is presented for the linewidth-power product of multielement laser diodes, under the condition
that the active elements are submitted to the same field. The theory is particularly applicable to laser diodes
incorporating two thin active layers of different composition. Such diodes can be modeled by two active conduc-
tances in parallel with a linear admittance. If the injected current exhibits full shot noise, the laser linewidth is
given by the same expression as for a single active element, except that a and o must be replaced by their average
values weighted by the injected bias currents, where « denotes the phase-amplitude coupling factor. The same
result is applicable to conventional index-guided laser diodes.

A general three-dimensional formula for the product
AvP of a laser diode in the linear regime has been
given,! where Ar denotes the full-width half-power
linewidth and P is the total generated power. This
theory provides in a single comprehensive formula
both the transverse (Petermann) K factor and a longi-
tudinal factor evaluated in Ref. 2 for distributed-feed-
back lasers. In the linear regime the carrier density
and therefore the medium optical parameters are in-
dependent of time. The optical power fluctuates ac-
cording to a Ravleigh distribution.

In reality, single-mode lasers exhibit little power
fluctuation above threshold. This is because the di-
ode is current driven and/or the series resistance in the
confining layers is large. The carrier density can then
partly counteract the perturbating effects of sponta-
neous emission. This is the saturated regime consid-
ered in this Letter.

In the limit of large injected currents and small
baseband frequencies, the output optical power fluc-
tuations simply reflect those of the pump, i.e., of the
injected current J.* The injected current is assumed
here to exhibit full shot noise with one-sided spectral
density 2eJJ. The hole and electron fluctuations fully
correlate through space-charge fields. In the saturat-
ed regime the laser linewidth depends on slow fre-
quency fluctuations and negligibly on power fluctua-
tions. For optical communication applications, the
frequency range of interest is about 10-1000 MHz.
We therefore do not consider flicker noise, which is
important mainly below 10 MHz. For simplicity, it is
assumed that the quantum efficiency is unity.

A laser diode with a thin active layer and mirror
reflectivities close to unity can be modeled as a single
active conductance —(; in parallel with a linear ad-
mittance Y(r) = G(») + iB(r), where v denotes the
optical frequency (see Fig. 1 and ignore for the mo-
ment the layer labeled 2). The complete theory for
oscillators incorporating a single active element has
been given by Lax.* Lax has shown that the
linewidth-power product is given by the well-known
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Schawlow-Townes formula multiplied by Y[cos(f —
$)]72, where tan # = a is the phase-amplitude coupling
factor of the active element’ and tan ¢ = G,/B, = «,
where the subscript » denotes derivatives with respect
to the optical frequency v, evaluated at »v = .
Arnaud® has shown that the quantity 1 + «* corre-
sponds to the factor K introduced by Petermann in the
linear theory of gain-guided lasers. Lax's theory is
complete because for a single active element the de-
tails of the saturation mechanism and the shot-noise
contribution can be ignored. By the same token, when
only the injected current is varied, such an oscillator
cannot be frequency modulated at small frequencies.

The purpose of the present Letter is to extend Lax’s
theory to laser-diode configurations that can be mod-
-eled by any number of active elements submitted to
the same field. The theory is more involved than that
of single-active-element oscillators because the details
of the carrier-rate equations must be accounted for.
The linewidth formula has been reported in Ref. 7 for
the special case where the a factors are all equal to
zero. Because the « factors play an important role in
laser diodes, arbitrary a values are now considered. It
was pointed out” that considerable simplification oc-
curs when the injected current exhibits full shot noise.
This conclusion holds also for the case considered
here, where the « factors are nonzero.

Our theory differs conceptually from that given in
Ref. 8 because the concept of stored energy (or that of
“confinement factors”) is not used. We have ex-
plained? why this concept should be avoided in the
general situation even though it may prove useful for
high-quality factors or homogeneously filled resona-
tors.

For clarity, only laser diodes incorporating two thin
active layers of different composition (separated by a
high-band-gap layer to prevent carrier diffusion) are
considered in detail [Fig. 1(a)]. The electric field E is
supposed to be directed along the y axis (TE polariza-
tion) and not to vary appreciably within the pair of
active layers. The optical loss at the end mirrors is
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Fig. 1. (a) Laser diode consisting of two thin active layers
(labeled 1 and 2) of slightly different band-gap energies and
different « factors at the operating frequency. The optical
wave propagates essentially along the z axis, perpendicular
to the figure. The planes labeled R = 1 are perfectly con-
ducting. (b) Electrical circuit model of the laser in (a),
which consists of two negative conductances in parallel with
a linear admittance ¥(v). The voltage V across the circuit is
proportional to the electrical field E in the active layer of the
laser diode.

replaced by a loss uniformly distributed along the
path.

This somewhat idealized kind of laser diode can be
modeled by the electrical circuit shown in Fig. 1(b),
which consists of two negative conductances, —G; and
—G3, modeling the two active layers in parallel with a
linear admittance, Y(»), modeling the external or con-
fining lossy layers, extending to £ = along the x axis in
Fig. 1(a). The voltage V across the electrical circuit is
proportional to the electrical field £ in the active lay-
ers of the laser diode.

Let us first consider the steady-state (unperturbed)
oscillation. A steady oscillation of the circuit in Fig.
1(b) occurs at frequency v if

G=%,G, k=12 B@)=0. (1)

Let the total admittance be incremented by some
small admittance y7. The resulting complex change
ov of the oscillation frequency is given by —Y,6r = yr.
The admittance change yr consists of two kinds of
terms: noise current sources associated with the posi-
tive or negative conductances of the circuit and the
reaction of the medium. The complex-current noise
source associated with the positive conductance G is
denoted by ¢ + is, while the complex-current noise
source associated with the negative conductance —G,,
is denoted by ¢, + is;. Each conductance —Gy is
perturbed by a small conductance g, owing to some
change in carrier number in that active element, which
also involves a change in susceptance equal to —ayg;,
according to the definition of the phase-amplitude
coupling factor «. This factor is usually positive and
of the order of 5. We can therefore write yy in the
form

yp=(e+ sVl + ple, + is)/IVI+ go(1 = i), (2)

The complex voltage V across the circuit has been
replaced by its modulus [V]. This is permissible be-
cause the noise sources are white and the phase of
white processes is arbitrary.

Slow changes of oscillation frequencies must be real;
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otherwise the amplitude fluctuations would be un-
bounded. For asingle active element, it suffices then
to specify that y7 in Eq. (2) equals — Y,év and to elimi-
nate g between the real and imaginary parts to obtain
the real frequency deviation év. The result is the Lax
formula cited earlier. But if the oscillator incorpo-
rates two or more active elements, the number of equa-
tions obtained is insufficient and one must consider
also the carrier-rate equations.

Under our approximations, the carrier-rate equa-
tion asserts that for each element k&, the rate of photon
generation equals the rate of electron-hole pair injec-
tion at any instant of time:

Jife = Py/hv = G,|VI2/2hv, (3)

where o/, denotes the current injected in the active
element k and Py is the optical power generated by
that element. The total power generated (or ab-
sorbed, since at small frequencies conservation of en-
ergy implies conservation of power) is P = 5. P;.

Consider next a small change j; of the current J;

injected in the active element k. The change in con-
ductance of that element is g74 = ¢,/| V] + g, according
to Eq. (2). If we denote the relative change of | V]2 by
», Eq. (3) gives, to the first order,

j;{jJ,-‘. == ngerk. {4}

Because év is real, the basic relation — Y, 8y = Yy can
be written as

_G,,al" =gfp= C/r Vl + Z.ﬁgTﬁ" (58)
B.ov = bp=s/IVI+ ¥,(s, + ae)IVl — gy (5b)

If g7, is expressed as a function of Jr and p with the
help of Eq. (4), Eq. (5a) can be solved for p and the
result substituted into Eq. (5b). Therefore, d» can be
expressed in terms of the independent white random
processes ¢, s, ¢, sy, and Jjj.

The one-sided spectral density of the current i(¢)
associated with any (positive or negative) conductance
G is (see, e.g., Ref. 3)

Sif == 2hV|G|: (6a)

where the vertical bars indicate absolute value. It is
convenient for narrow-band processes to replace i(¢)
by a slowly varying complex current I = ¢ + is, where

S.=8,=4mlG|, S_=0. (6b)

(o}

These formulas express the zero-point fluctuation of
the electromagnetic field.

The spectral density of the full shot-noise Jk pro-
cesses is

S;, = 2elJ,, (7)

where e denotes the absolute value of the electronic
charge.

Next, one makes use of the well-known fact that the
full-width half-power linewidth Av of an oscillator fre-
quency modulated by white noise is equal to =S;,,
where S;, is the one-sided spectral density of the fre-
quency deviation process o (t).
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Our final result can be written in the form

A =2wAvPlhr = (,)(4xG/B)’[1 + (o?),,)/(1 + a,x)>,
(8a)

where P = G|V|?/2 is the total power, and
x=G,/B, (8b)

is negative for the configuration in Fig. 1 but usually
small compared with unity. The averaging for any
quantity a is defined as

A, = [ZakJﬁe)/(ZJk)' (8¢c)

The result in Eqgs. (8) is the Lax formula quoted earli-
er, except that o and o® are here replaced by their
averaged values, weighted by the injected currents.
Let us emphasize that Eqgs. (8) hold only when the
shot-noise spectral densities are 2elJ| (full shot
noise). If shot noise were suppressed, for example, by
driving the active elements by space-charge-limited
thermoionic tubes, the factor 1 + (a?),, would be re-
duced by half the variance of « (if « = 0). In a multi-
element oscillator it is therefore not permissible to
ignore shot noise, even at vanishingly small baseband
frequencies.

A useful generalization is the case when the elec-
tron-hole inversion is incomplete. In this case an
active element should be represented by a negative
conductance —G, expressing stimulated emission and
a positive conductance G}, expressing stimulated ab-
sorption. Inall the previous equations, one must then
replace Gy, by the difference G, — Gpi. The spectral
density of the noise current relating to G, however, is
then given by 2 hv(G,: + Gy), with a plus. The
resulting expression is

A=27AvP/hy
= ()@rG/B ) [ng,(1 + o®)], /(1 + ayk)?  (9a)
where
(nep)k = Gl (Gop — G (9b)

denotes the so-called spontaneous emission factor,
which is of the order of 2 at room temperature but may
assume different values, as well as «, for the different
active elements.

The application of the theory illustrated in Fig. 1
concerns a hypothetical laser incorporating two thin
active layers of different composition. Conventional
index-guided laser diodes should also be considered as
multielement active devices, this time in the longitudi-
nal direction. But because the mirror power reflectiv-
ity R is usually not close to unity, the relative field
modulus fluctuation p varies importantly along the
propagation z axis and the theory reported here, which
basically assumes that p is a constant, does not seem to
be applicable. Nevertheless, rather involved calcula-
tions (solving the stochastic differential equation for
p) show that an equation similar to Eqs. (9) with x = 0
holds when the driving current density exhibits full
shot noise. Numerous complicated terms cancel out
in that case. The simplification perhaps occurs be-
cause, when full shot noise is present, the optical field
tends to be in a coherent state in the limit of large
injected currents and large resonator lengths.?

The present theory can be further generalized to the
case for which the current ¢ + is has a deterministic
part (injection locking'’) and when the injected-cur-
rent fluctuations are correlated with the other noise
sources because of external electronic feedback.
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