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Focusing and Deflection of Optical Beams by

Cylindrical Mirrors
o
J. A. Arnaud and J. T. Ruscio

An optical system incorporating fwo closely spaced eylindrieal mivrors is deseribed.

By properly

orienting the mirrors in gpace, an incident beam can be focused at any desired point within a large vol-
ume. This simple periscopic system, which provides variable foeal lengths and deflection angles, is

applicable to optical or millimeter wave transmission systems lying along irvegular paths.

A paraxial

ray theory of the svstem is given, as well as experimental results.

Introduction

Optical waveguides are currently being investigated
as a means of transmitting communications from eity to
eity or within eities,! They wusually ineorporate
sequences of focusers (lenses or pairs of mirrors) whose
separation is close, though not equal, to the confoeal
spacing. In most practical cirecumstances, it is neces-
sary to bend or tilt in three dimensions the waveguide
axis in order to circumvent natural obstacles or right-
of-way restrictions. Although small tilts of less than,
say, one degree, can be obtained by offsetting the
focusers, large tilts are more easily obtained by rotating
the mirrors in a periscopic configuration. It is con-
sequently desirable to discuss periscopic systems pro-
‘iding variable deflections of the optical axes in three

Stlimensions (to follow irregular paths) and wvariable
effective focal lengths (to accommodate changes in
focuser separation). In order to preserve the cireular
eross section of the beams, it is further required that
the foeusers behave as ordinary lenses with rotational
ymmetry, ie., that they be free of astigmatism, to

sirst order. It is the purpose of this paper to show that
these various conditions are met in a periscopic con-
figuration which incorporates two eylindrieal mirrors
of equal (and fixed) eurvature. Changes in axial
direction and foeal length are both obtained through
proper angular orientation of the two mirrors. Peri-
scopie systems incorporating two eylindrieal mirrors
of unequal curvatures, eapable of sharp focusing, but
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not of variable focal length and deflection angle, were
proposed previously.?* The flexibility of the con-
figuration discussed in this paper results from the in-
troduetion of nonplanar optical axes. A configuration
incorporating three mirrors with rotational symmetry
has also been proposed.® In the ecase of optical wave-
guides, however, it is important to keep the losses down
by minimizing the number of optical elements per
refocuser. The problem of geometrical opties aberra-
tions, on the other hand, is relatively unimportant since
the effect of such aberrations is masked in practice by
diffraction effects. It is worthwhile noting that the
transformation of beams propagating in optical wave-
guides at a suflicient distance from the edges of the
apertures can be obtained from the results of a paraxial
ray theory.®* One may therefore restriet oneself to a
paraxial ray theory of curved mirrors under oblique
incidence. General conditions for sharp focusing by
two evlindrical mirrors are subsequently discussed,
under the assumption that the separation between the

* The wavefront and intensity pattern of a gaussian beam, in
particular, can be desecribed by a complex quadratic form in the
two fransverse variables which formally obeys the same laws of
transformation as the wavefront of an astigmatic ray pencil.
This transformation reads’

' = (C + Dm)(A + Bm)™,
where m and m’ are 2 X 2 matrices deseribing the wavefronts
c D
the 4 X 4 ray matrix of the optical system. This relation gen-

eralizes the well known “ABCD law’ applicable to optical wave-
guides with rotational symmetry.®

: . B
at the input and output planes, respectively, and |:A ] is
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Fig. 1. Schematic representation of the two cylindrical mirror

system. Notice that the optieal axis, in general, does not lie in a

plane; the angle between the planes of incidence at the two

mirrors (or their normals ry, 22) is denoted €. The angles w, w,
and @ as <hown in the figure are positive.

two mirrors is small compared with the focal length.
Experiments made at visible wavelengths are also
described.

Paraxial Ray Theory

Consider a eurved mirror such as £, shown in Fig. 1
and an incident optical axis.  Let 21y:2; be a rectangular
coordinate system, with z directed along the inner
normal to the mirror and @ perpendicular to the plane
of incidence. The a; axis is oriented in such a way
that the 4 component of the ray direction vector is
positive. The position of an incident ray, offset with
respect to the incident optieal axis, is defined by co-
ordinates x; and z’, the " axis being perpendicular to
both the &, axis and the incident optical axis. If z; =
Zi(x,1n) denotes the equation of the mirror surface,
and 4; the angle of ineidence (see Fig. 1), simple geo-
metric eonsiderations show that, within the paraxial
approximation, the extra path length experienced by
aray rnz’, as aresult of the mirror deformation, is

Alra’) = 2 cosi Z(x,z’ /eost ). (1)

This change in path length is evaluated by considering
rays parallel to the optieal axis, incident on an area of
the mirror which has been displaced along the mirror
normal. To be sure, the rays can be oblique with re-
speet to the optical axis, but a small tilt introduces a
negligible change in path length at the mirror.  For the
case of a eylindrieal mirror of equation

Zi(m, ) = (1/2Ry ) singyy — 10 cosw )?, {2)

where £, denotes the mirror radius and » the angle
between the mirror generatrix and the x; axis, one ob-
tains, from Eqs. (1) and (2),

& = (cosiy/Ry)m siny — (2 /cosi)) cosm]®. (3)
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By rotating the coordinate system xy, z;" by an angle
a given by

tan ¢ = cosi; tany, (4)

one finds that A; is equal to the path length that would
be introduced by a eylindrical lens of focal length

fi = (Ri/2)(cosé; sin®y, + cos?y /cost) 4 (a)

The orientation of this equivalent eylindrical lens with
respeet to the 2" axis is defined by the angle ¢, given

by Eq. (4). Similar results hold, of course, for the

second mirror, to which the index 2 henceforth refers.
The coordinate svstem, however, must be rotated by
an angle @ (corresponding to the angle between the
planes of incidence at the two mirrors) when going
from the first to the second mirror.

As is well known, two cylindrical lenses provide a
sharp focusing of incident homocentric ray pencils when
they have equal focal lengths and are oriented 90° to
one another. These two conditions, when applied tc
the lenses equivalent to the two mirrors, can be written

A
from Fqs. (5) and (4),

I 5 cosfry \ 71 Iy iy cos?yy \ 71
5 | costy sinfy 4+ —— = - | cosiy sin®y, - = f

COsl COsiy

(6)
where f is the equivalent focal length of the system, and
@ = tan~Ytanwy cost) + tan"(tanwe cosiz) &= (=/2). (7)

The total defleetion angle 8 experienced by the optical
axis as a result of the reflections on the two mirrors is
given, from elementary trigonometry, by

cos = cos2i; cos2is — cosQ sin2i) sin2ds. (8)

Notice now that the angle 8 = 0 (no deflection) ean
be achieved only if 4, = 4 = 4. This condition is
henceforth assumed to hold. It is also assumed, for
simplieity, that £, = R, = R. Equation (6) then
shows that we must have

v = £pe. (‘Jv

Let us consider first the solution », = v, = » and re-

write Eqs. (6), (7), and (8), taking into account the
above assumptions,  One obtains

e 1y cosipy ! _
J = R/2| cosi sin®e + : . (10
cosi
Q = 7/2 4+ 2tan~Ytane cosi), (11)
cosfl = costd — cosQ sin2i (12)

For a given value of £, we may consequently choose the
effective focal length f of the system and the total
deflection angle 4, and find the necessary values fo
Z, v, and @ from Eqs, (10), (11), and (12). Figure ==
shows the range of values of f and 8 which can be ob-
tained in that way, 7 being restrieted to angles between
10° and 60° to avoid interferences between the two
mirrors. This figure shows that for § = 0 (no deflec-
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The clear area shows the values of the system focal length (f) and deflection angle (8), whieh can be achieved simultansously by

properly adjusting the cylindrical mirvor orientations when the incidence angles are restrieted to a 10-60° range. The theoretical curves
(plain lines) and experimental points, are shown for three angles of incidence:  10°, 45°, and 60°. [ is the radius of both mirrors. By
rotating the clear area about the horizontal axis, the volume in which an incident collimated beam ean be foensed is generated.

tion), the system focal length f ean be varied between
0.5F and 0.6R. For larger deflection angles such as
75°, f ean be varied in a larger range (0.25R to R).

The solution vy = —uw of Eq. (9) corresponds, from
Egs. (7) and (8), to @ = 7/2 and cos @ = cos?2i. For a
given value of 8, f can consequently be varied by varying
v, the incident angles staying constant. This solution
covers, in particular, the area enclosed by the curve 7 =
10° in Iig. 2, which is not covered by the previous

solution. Both solutions are consequently of interest.

Experiments

A mechanical setup, shown in Fig. 3, was construeted
to verify the above results. Adjustment and direct
dial reading with precision better than 1° are provided
for all relevant angles (4., 43, »1, », and Q). The varia-
tions of 74, and %, however, are restricted to a 7-60°
range. A deformable parallelogram orients the first
mirror in such a way that the reflected beam is always
directed to the second mirror. Notice also that the

s whole system can rotate about the ineident optical

axis to provide beam deflections in two dimensions.
The radii of curvature of the 2 in. X 2 in. X 15 in.
(5 em X 5em X 1.3 em) mirrors are 6 m, and they were
made with an accuraey better than 2 um. The foeal

Fig. 3. Photograph of the experimental setup. The laser beam

shows the axis of the optical path.  The actual experiments were

made with incoherent point sourees collimated by lenses. The

whole assembly can be rotated about a vertieal axis, for conve-
nience of messurement.

October 1970 / Vol. 9, No. 10 / APPLIED OPTICS 2379



length of the system is measured by sending a collimated
ray pencil onto the system and measuring the position of
the focus with respect to the midpoint between the two
mirrors. Asmall astigmatic difference of 20 em to 40 cm,
which is of the order of the mirror separation (26 em), is
observed. This astigmatie difference would be masked
by diffraction effeets and would therefore be negligible
for long foeal length systems such as those considered
for communication purposes. For shorter focal lengths
and fixed object planes, perfect focusing can be achieved
by introducing a small correction to the orientation
angles given before. The experimental values obtained
for f and @, shown in Fig. 2 for ¢ = 10°, 45°, and 60°,
are in good agreement with the calculated values.

Conclusion

Theoretical ealeulations, as well as experiments,
have shown that a system of two cylindrical mirrors
properly oriented in space can provide an optimum
focusing of ineident beams with variable focal lengths
and deflection angles. Cylindrical optical mirrors,
although somewhat more difficult to manufacture than
spherical mirrors with the techniques presently avail-
able, can be made with an aceeptable aceuracy. At
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millimeter wavelengths, eylindrieal mirrors of circular
cross section are easy to make by bending aluminum
plates with bending moments exerted along the plate
edges [rms errors of less than 0.1 mm have been mea-
sured on 4 ft X 4 {t (0.1 m X 0.1 m) plates, bent with 40-
mradii]. Asin any periscopie system, the two mirrors,
once properly oriented, must, of course, be held rigidly
with respect to one another. The positioning of the
periscopic system as a whole is just as critical as the
positioning of lenses in conventional optical wave-
guides, and must be controlled by similar devices.

The authors express their thanks to R. Kompfner,
D. C. Hogg, and D. Gloge for helpful comments and to
A. Quigley for designing the mechanical setup.
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